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Abstract. We consider the escaping parameters in the family /3pA, i.e. these parameters (3 
for which the orbits of critical values of /3pA approach infinity, where pA is the Weierstrass 
function. Unlike to the exponential map the considered functions are ergodic. They admit 
a non-atomic, cr-finite, ergodic, conservative and invariant measure fi absolutely continuous 
with respect to the Lebesgue measure. Under additional assumptions on the pA-function 
we estimate from below the HausdorfF dimension of the set of escaping parameters in the 
family /3pA, and compare it with the Hausdorff dimension of escaping set in dynamical space, 
proving a similarity between parameter plane and dynamical space. 

1. Introduction 

In the series of papers J. Hawkins and L. Koss [5l El [7] described dynamics of Weierstrass 
functions. Ergodic theory of non-recurrent elliptic functions was developed by J. Kotus and 
M. Urbanski in [T2| [T3| [H]. Recently, in [8] there were given examples of all possible be- 
haviours of non- recurrent elliptic functions (called in that paper critically tame functions). 
These include the map with critical values approaching infinity. The aim of this paper is to 
show that the escaping parameters form a considerably big set. 

Let /: C — i- C be a transcendental meromorphic function. For n G N, denote by /" the 
n-th iterate of /. The Fatou set F{f) of / is the set of points z & C such that all iterates 
f^{z) are well-defined and the family {/"}neN is a normal family in some neighbourhood of 
z. The complement of F{f) in C is called the Julia set of /. P. Dommguez in ^ proved that 
for transcendental meromorphic functions with poles the escaping set 

/(/) = {zeC: hm riz) = oo} 
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is not empty and J{f) = dl{f). Later P. Rippon and G. Stallard [17j showed that if, 
additionally a function / is in the Eremenko-Lyubich class B, then /(/) C J{f). It means 
that IntJ(/) = 0. Recently, several authors |T1 [21 [3l [181 [IB] have studied properties of the 
escaping set for entire and meromorphic functions. In fTO] the Hausdorff dimension of /(/) 
was estimated from below for some class of meromorphic functions. In particular, this can be 
applied to elliptic functions of the form = f3pA, f3 E C \ {0}, where is the Weierstrass 
elliptic function. As a corollary we obtain that the Hausdorff dimension dimH{I{gi3)) > 4/3. 
On the other hand, Bergweiler, Kotus and Urbahski proved in [21 [T2] that an upper bound 
on dimj|/(/((7^)) is the same as a lower bound, so 

4 

dimn {I {gf})) = -. 

In this paper, we additionally assume that a lattice of pA-function is triangular and the 
critical values of pA are the poles. As a counterpart of escaping set /(fi'/j) we consider the set 
of escaping parameters in the family Qj^, i.e. 

£ = {(3eC\{0}: lim (^^(q) = oo, i = 1, 2, 3}, 

n—^oo 

where q is a critical point of p^- For these maps the Julia set is the whole plane C In this 
paper we construct a collection of Cantor subsets of S with prescribed rate of growth and 
estimate from below their Hausdorff dimension. The main result is the following theorem. 

Theorem. For any one-parameter family of functions gp{z) = Pp^i^), where /3 G C \ {0}, 
A = [Ai, e^'^^/^Ai] is a triangular lattice such that all critical values of p\ are the poles, the 
Hausdorff dimension of the set of escaping parameters £ is greater or equal to 4/3. 

The paper is organized as follows. In section 2 we give the background definitions and 
results for studying elliptic functions, in particular the pA- Weierstrass function. We also 
summarize metric properties of maps in S. In sections 3 and 4 we show how one can find 
escaping parameters. In the last section we estimate from below dimniS). 

2. General preliminaries 

We start with recalling the definition and basic properties of elliptic functions. For Ai, A2 G 
C \ {0} such that Im(Ai/A2) 7^ a lattice A C C is defined by 

A = [Ai, A2] = {IXi + 111X2, I, me Z}. 

Definition 2.1. An elliptic function is a meromorphic function / : C — C which is periodic 
with respect to a lattice A, i.e. f{z) = f{z + IXi + mA2) for all z e C and l,m E "Z. 

We denote by b^rn = + mA2, l,m E Z, lattice points of A and by 

7^ = {tiAi +t2A2; < ti,t2 < 1} 

a fundamental parallelogram of A. For a non-constant elliptic function and a given w E C 
the number of solutions of the equation f{z) = w in 71 equals the sum of multiplicities of 
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the poles in a fundamental parallelogram. Since the derivative of an elliptic function is also 
an elliptic function periodic with respect to the same lattice, then each elliptic function has 
infinitely many critical points but only finitely many critical values. Due to periodicity elliptic 
functions do not have asymptotic values. Thus they belong to the class S. 

A special case of an elliptic function is the Weierstrass elliptic function defined by 



Pa{z) = \+ V (- — ^^-^j 



«>ga\{o} 

for all z G C and every lattice A. It is well-known that pA is periodic with respect to A and 
has order 2. The derivative of the Weierstrass function is also an elliptic function periodic 
with respect to A and is defined by 



The Weierstrass elliptic function and its derivative are related by the differential equation 

{^^{zyf = 4 (pa W)' - g2PA{z) - gs, (2.1) 

where ^2 = ^2(A) = 60 E^eA\{o} 93 = ^3(A) = 140 E^eA\{o} is • The numbers ^2(A), ^3(A) 
are invariants of the lattice A in the following sense, if gi{A) = gi{A'), i = 2,3, then A = A'. 
Moreover, for any g2, g-s such that (7I — 27 g^ 7^ there is a lattice A with invariants g2,g3- For 
any lattice A the Weierstrass function p\ satisfies the property of homogeneity, i.e. 

paA^Oiz) = -^PaIz) (2.2) 

for every a G C \ {0}. The Weierstrass function has poles of order 2 at lattice points and 
its derivative has poles of order 3. In the fundamental parallelogram the map pA has three 
critical points which we denote by 

Ai A2 Ai + A2 

We use the symbols = pA{ci), i = 1,2,3 to denote the critical values of pA- They are 
related to each other with the equations 

61 + 62 + 63 = 0, 6163 + 6263 + 6162 = 616263 = ^. (2.3) 

We consider only the Weierstrass functions periodic with respect to triangular lattices, i.e. 
lattices A = [Ai,A2] such that A2 = 6^'^*/^Ai. In other words a lattice is triangular if A = 
g27ri/3^^ For triangular lattices g2 = and the critical values of pA are the cube roots of (73/4. 
Moreover, f l2.ip and f l2.3p imply that the critical value 63 is a non-zero real number and 61, 62 
are given by the formulas 61 = 6^'^*/^63, 62 = 6^'^*/^63. The iterations of the critical values turn 
out to have the same property, i.e. Pa(^i) = ^^'^^'^^pli^s)^ Pa(62) = 6'^''^^^p^{63), n > 1. It is 
a consequence of an invariance of a triangular lattice with respect to the rotation z e^^^^^z 
and the homogeneity of pA given in (12. 2p (see ^ for details). 
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We additionally assume that all the critical values of the Weierstrass function p\ are poles. 
The example of a family of such lattices was given by J. Hawkins i L. Koss in [6j. 

Example 2.2. Let Vt = [001,002] be a lattice with invariants g2 = 0, (73 = 4. It is a triangular 

lattice for which Ci = e^'^*/^,e2 = e^'^*/^,e3 = 1. Let 71 = \f^—^^, where m is an odd 
negative number and 72 = Then, the lattice V = [71,72] is triangular and all the critical 

values of p\ are poles. 



Now, we describe ergodic properties of so-called critically tame elliptic functions studied 
by J. Kotus and M. Urbahski in [T3]. We start with some definitions and notations. 

Definition 2.3. Let f : C ^ C be an elliptic function and z G C such that all iterates 
f'^{z),n G N are well-defined. A point w E C is called an 00— limit point of z for f , if there is 
a sequence of natural numbers — > 00 such that 

lim dist,(rH^),w7) = 0, 

where dist^ denotes spherical metric in C. The 00— limit set of z is a set of all 00— limit points 
of z and we denote it by oo{z). 

Definition 2.4. Let D be a domain in C and g: D ^ C an analytic map. Set z E C, r > 0. 

We denote by U{z, g~^ ,r) the connected component of g~^{B{g{z), r)) containing z. Suppose 
that c G Crit{g). Then, there exist r = r{g, c) > and K = K{g, c) > 1 such that 

- c\P < \g{z) - g{c)\ < K\z - c\P 

and 

— \z - c\P-^ < \g'(z)\ < K\z - c|f-^ 

for all z G ?7(c, g~^, r) and some natural p = p{g, c), and also such that 

g{U{c,g~\r)) = B{g{c),r). 

The number p is called the order of g at the critical point c and is denoted by Pc. The number 
Pc — ^ is the multiplicity of the zero of g' at c. 

Denote by Vn{f), n > 1, the set of prepoles of order n of /, i.e. 

Vnif) = {zeC: r(;^) = oo}. 

In particular, Vi{f) is the set of poles of /. 

Definition 2.5. Suppose that f : C ^ C is an elliptic function and b G Vi{f). Let 7]^ denote 
the multiplicity of the pole b. We define 

q:=snp{7]h:beVi{f)} = max{r]k: 6GPl(/)^7^}. 
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Denote by Crit(/) the set of critical points of /, i.e. 

Crit(/) = {2eC:/'(^) = 0}. 
Let Critb(/) be the set of all prepole critical points, i.e. 

Crit,(/) = Crit(/) n U 

riGN 

Moreover, we define the set of all critical points of / which trajectories approach infinity, i.e. 

Critoo(/) = {ce Crit(/) : lim /"(c) = oo}. 

71— >00 

Note that P„,(/) = f-\Vn-i{f)) for all n > 2 and C J(/). For every c G Crit;,(/) 

there is a unique n G N such that c G Vnif)- For all c G Critoo(/) and every R > there 
exists natural N such that for all n > : |/"'''^(c)| > R. This inequality is equivalent to the 
fact that /"(c) lies close to a unique pole 6„. That implies that for all c G Critoo(/) one can 
define a sequence of poles 6„ close to the iterates of /. 

Definition 2.6. Let / : C — )■ C 6e an elliptic function. For c G Critoo(/) we define 

:= limsup?7b„, 

n— >oo 

where the sequence {6„}„>i was defined above. Moreover, let 

loo = max{pcqc- c G Critoo(/)}, 
where pc is as in Definition \2.4 - 



Definition 2.7. Let / : C — )■ C be an elliptic function and c G Crit(/). We say that f is 
critically tame if the following conditions are satisfied: 

(a) if c & F{f), then there exists an attracting or parabolic cycle of period p, S = 
{zq, f{zo), fP-^{zo)} such that w(c) = S. 

(b) z/c G </(/), then one of the following holds: 

(i) u{c) is a compact subset of C such that c ^ ou{c), 

(ii) CG Critfe(/), 

(iii) c G Critoo(/) and 

dimH(J(/)) > 

Denote by Tr(/) C J{f) the set of all transitive points of /, that is the set of points in 
J(/) such that their forward trajectories are dense in J{f). 

We quote two results from ^4], which became an inspiration for studying the escaping 
parameters S. Below a conformal measure m is defined by means of the spherical metric. 

Proposition 2.8. Suppose that f is a critically tame elliptic function, denote h = dim//(J(/)). 

Then there exist: 
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a) a unique atomless h-conformal measure m for f: J{f) \ {00} — </(/), m is ergodic, 
conservative and m(Tr(/)) = 1. 

b) a non-atomic, a-finite, ergodic, conservative and invariant measure /i for f , equivalent 
to the measure m. Additionally, ^ is unique up to a multiplicative constant and is 
supported on J{f). 

The next proposition gives sufficient conditions for an elliptic function / to satisfy the 
conditions given in Definition 12.71 

Proposition 2.9. // every critical point c of f is such that c G Critb(/) or c & Critoo(/), 
then J{f) = C and f is critically tame. 

Proposition 12.81 and Proposition 12.91 imply that the elliptic functions considered in the 
next sections are ergodic with respect to the Riemann measure m. This is in contrast with 
Lyubich's result [15] which says that is not ergodic with respect to the Lebesgue measure. 
The escaping parameters in the exponential family fx{z) = Ae^, A G C \ {0}, were also 
studied by Urbahski and Zdunik in [20j. Under the assumption that the forward trajectory 
of grows exponentially fast (this includes the case A > 1/e), they showed that uj{z) = 
{/a (0) • n > 0} U {00} for a.e. z G J{f\) = C. Later Hemke [9| proved that these 
maps are non- recurrent. His results cover the fast escaping parameters in the tangent family 
f\{z) = Atan(z), A G C\{0}, for which again he proved that Ijj{z) = {/"(±Ai) : n > 0}U{oo} 
for a.e. z G J{f\) = C. In all the cases the existence of a non-atomic, a-finite, ergodic, 
conservative and invariant measure fi for /, absolutely continuous with respect to the Lebesgue 
measure follows from [11] or Proposition 12.81 

At the end of this section we recall a definition of distortion. Let U be an open subset of 
C, / : t/ — )■ C be a conformal map, then its distortion is defined as 



For conformal maps we have 

L{f,U) = L{f-\f{U)). (2.4) 
To prove a lower bound on dimii/(£^) we use the following theorem proved by C. McMullen in 

m. 



Proposition 2.10. For each n G N, let An be a finite collection of disjoint compact subsets 
ofW^, each of which has positive d-dimensional Lebesgue measure. Define 

00 

AnGAn n=l 
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Suppose that for each An G An there is An+i G An+i and a unique An^\ G An-\ such that 
An+i C An C An-i- If ^n, dn o,re such that, for each An G An, 

voi(w„+i n An] 



vol(A„) 
diam(y4„) < (i„ < 1 



> An > 0, 



dn > 0, 



then 

log A, 



dimH(A) > d — lim 7 , , 

n^oo -i--^ I log d„ 



3. The escaping parameters 

Unlike to the exponential or tangent family we do not know any examples of Weierstrass 
functions with critical values approaching infinity. In this section, we recall from [8] how one 
can find the elliptic functions with critical values eventually mapped onto poles (Lemma I3.ip 
and the maps with critical values escaping to infinity (Lemma I3.2p . 

We consider one-parameter family of functions 

where /3 G C \ {0}, A = [Ai, e^'^^^^Ai] is a triangular lattice such that all critical values of p\ 
are the poles. These lattices were constructed in [6j (see also Example 12. 2p . The functions 
under consideration (7^ are periodic and their critical points are the same as for the Weierstrass 
function pA. It was shown in [8j that the critical orbits of (7^ behave symmetrically, i.e. 

9^,{c2) = I'g'^M)^ g^'M) = ^9p{ci) (3.1) 

for all n G N, where 7 = e^'^*/^. So we can take only one of them. Let it be the trajectory of 
the critical value ^'^(ci). Denote Bp{oo) := G C: 1^1 > p},p > 0. To prove the next lemma 
we consider the auxiliary functions hn{f3) = g'^{ci),n G N. It will appear in the proof of the 
next lemma that these functions are defined outside a countable set of parameters. 

Lemma 3.1. Let A be a triangular lattice such that all critical values of are the poles. 
For every r > and each n>2, there is P & B{l,r), such that g^{ci) = 00. 

Proof. Consider the function hi defined before, i.e. hi: 5(1, r) — )■ C, hi{P) = (//^(ci), where 
< r < 1/2. By the assumption, hi{l) = gi{ci) = Pa{ci) is a pole of p\. Now we define 
/i2: -8(1, r) — 7- C by the formula /i2(/3) = 5'^(ci). Denote by V{h2) the set of its poles. Since 
h2{l) = gfici) = p\{ci) = 00, then 1 G V{h2). Thus, the theorem is true for n = 2. We 
can take r so small that 1 is a unique pole of /12 in 5(1, r). Actually, let /3 G B{l,r) \ {1} 
be a pole of /i2. Thus, h2{l3) = gjici) = /3pa(/3pa(ci)) = 00, so Pa(/3pa(ci)) = 00, which 
implies Pp\{ci) G A. However Pa(ci) G A, so taking r small enough we have Pp\{ci) ^ A 
for /3 G 5(1, r) \ {1}. Then, h2 is a non-constant meromorphic function. Since 1 is a pole (of 
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order 2) of the function /12, then we can take R2 > 2^ such that Br^^oo) C /i2(-B(l, t)). The 
set Br^{oo) contains infinitely many lattice points 6}^ of A and each of them (being a pole 

of p\) is the image of some parameter /^/^ e B{1, r) \ {1} under /i2. Choose one of and 
denote it, for simphcity, by (32. We denote the corresponding pole by 62- We have constructed 
the map g^^ , such that the orbit of the critical point ci is the following 

ci ^ 5/32 (ci) g%(ci) = 62 ^2(^1) = oo> 

where 5'^2(ci) is close to (but not equal to) the critical value pa(ci) and g\{ci) G Br^{oo). 
Let n := r. Take < r2 < ri/2 so small that 5(^2,^2) C S(l, r) \P(/i2) and /i3(-B(^2, ^2)) C 
Br^{oo), where /i3(/5) = 5'|(ci). Restricting /13 to 5(^2, '^2), we take i?3 > 2i?2 > 2^ such that 

Br^(oo) C h2,{B{^2-,f2))- Each lattice point fo^^i ^ Bji^{oo) is the image of some parameter 
^f'l^ & B{^2-,f2)\{^2\- Note that this proves the existence of a parameter ^3 such that 

ci ^ 5/33(^1) ~ Pa(ci) ^ 9%{ci) ^ 62 ^ 5?3(ci) = &3 ^ ffe(ci) = ^' 

where none of the ~ are equality and 6j G A n 5r.(oo) with i?j > 2', i = 2,3. Now, by 
induction we define a map with the property that the critical point is a prepole of order 
n > 4. Fix n > 4 and suppose for all A; < n we have constructed the maps 

hk:B{l,T)\ U V{K)^C 

l<i<k 

by the formulas hk{/3) — g^{ci), where V{hi) is the set of poles of hi. We define a map 

hn:B{l,r)\ U V{hk)^C 

l<k<n 

such that hn{l3) = g^ici). The set Ui<fc<n ^ '^^ essential singularities of In 
its complement the map hn is meromorphic, denote by V{hn) its set of poles. Set a pole 
Pn-i e ^{hn). The equality hn{^n-i) = 9'l^^_^{''i) = c« implies that there is a small enough 

constant < r„_i < r„_2/2 such that S(/3„_i, r„_i) C E(/3„_2, r„_2) \ Ui<fc<n^(^fc) ^"^^ 
hn{B{Pn-i,f^n-i)) C -Bi?^_-^ (oo) . Now, we can take Rn > 2i?„_i > 2"^ such that Br^{oo) C 
hn{B{/3n-i,rn-i)). Next, we choose one of the lattice points of A from Bfi^{oo) and denote 
it by bn- We know that 6„ is the image of some parameter /3„ G B{/3n-i,rn-i) \ {/3n-i}, i-e. 
^'n = hniPn) — g'^^(ci). The Orbit of the critical point ci for the map g^^ is the following 

Cl ^ f//3„(ci) ^ Pa(ci) 5^„(ci) ?a 62 ^ • • • ^ fL(ci) = &n ^ ^^,^^^0 = OO, 

where gi^^(ci) G 5^. (oo), i = 1, . . . , n. This finishes the proof. □ 

Lemma 3.2. Le^ A be a triangular lattice such that all critical values of are the poles. 
Then, for every r > there is a parameter (3 G B{l,r) such that lim„^oo fi'^'(ci) = i — 
1,2,3. 
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Proof. We show that limn^oo g^{ci) = oo. The 'symmetry' of the critical orbits given in ( 13.11) 
imphes the lemma is true for C2 and C3. By Lemma [3.1^ there is a sequence of parameters 
{/3n}n>2 such that 

b^„(ci)| > Rn and g'^^^ci) = 00, 

where i?„ > 2" and a decreasing sequence of balls B{(3n,rn) C 5(1, ri) \ Ui<fc<n^(^'c) ^^"^^ 
that r„ < 2"". Since r„ — )■ 0, then there is the parameter /3 = B{l3n,rn)- By the 

construction from the proof of Lemma [3. 11 /3 is an accumulation point of the set IJn>i ^(^n)- 
The iterates of the critical point under satisfy the conditions [(^^(ci)! > Rn > 2" for all 
n>2. Hence, lim„_j.oo -Rn = 00, which implies lim„_j.oo 5'^(ci) = 00. □ 



4. Escaping parameters with prescribed rate of growth of critical orbits 

In this section, we construct a collection of subsets of £ with prescribed rate of growth of 
the critical orbits of (7^. We fix a function such that 

A= [Ai,e2-*/=^Ai] 

is a triangular lattice and all critical values of p\ are the poles. These lattices were constructed 
in j6] (see also Example I2.2p . We consider one-parameter family of functions 

g^iz) = PpAiz), /3 G 5(1, r) for < r < 1/2. (4.1) 

The functions are periodic and their critical points are the same as for the Weierstrass 
function p\. It follows from (13. ip that the critical orbits of behave symmetrically, i.e. 

^;(c2)=7'^7;(ci), ^7;(C3) = 7^7?(ci) 
for all n eN, where 7 = e^'^*/^. Since p\ is periodic, there exist a constant 

< Eo < min{l, |Ai|/3} 
and holomorphic functions G, H such that for each pole 6; m G A 

^Lm ) 



k=0 



Lrn ) 



\2 



k=0 



U — 0/,m) U — 0;,m) Z — Oim \Z — Oirn 



for all z G B{bi^rn,£o), where Gipi^rn) = 0.-2 7^ 0, H{bi m) = ^-3 7^ 0. Shrinking Sq, if necessary, 
we may assume that G{z) 7^ and H{z) 7^ for 2; G B{bi^rn, £o)- The periodicity of pA implies 
that there exist universal constants Ki,K2 > such that 

K^' < \Giz)\ < K,, K^' < \H{z)\ < K2 
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on all balls B{bi^rn,£o)- Hence, 



\z — b, 



Lm 



and 



\z - Ol, 



hi |3 



< IpaWI 




< 



< 



K2 



\z - Oi^ 



hi |3 

^ Lm. 



for all l,m eIj and z G B{hi^rn,£o)- For every /3 G 5(1, r), where r is defined in (14. ip and for 
all z G B{hi^m, £0), l,m E Z, we have 



and 



1 2: - hl^rn 



\z — b, 



Lm 



^<\9p{z)\ = Wpa{z)\< 
g'^{z)\ = \/3p'^{z)\ < 



< 



Z - hl^m\ 
C2 



\z — h, 



'l,m I 



(4.2) 



(4.3) 



where Ci = 2Ki,C2 = 2K2. Moreover, shrinking eQ,r if necessary, we can choose constants 
Ml, M2, < M2 - Ml < 7r/4 such that 

Ml < aTg{(3G{z)) < M2 (4.4) 

for all P G -8(1, r) and z G B{hi^rn, ^o), liTn eZ. We recall from Section 3 that 

/ii:5(l,r)^C, h,{(3)=gp{c,), 

where Ci is a critical point of pA. We choose e > such that the following conditions are 
simultaneously satisfied 

e < min{£:o, |pa(ci)|/3}, 

B{p^{c,),6)ch{B{l,r)), (4.5) 
pA is one-to-one on each of the segments defined in (14. 6p . 

Let 



U{zo,e) := {z e C: - — < ATg{z - zq) < \z-zo\<e}, 

o o 
where 2:0 ^ A and e is defined above. Next, we take i?i > such that 

f/(pA(ci),£) C P(0, /2i, 2i?i) ■.= {zeC:Ri< \z\ < 2Ri}. 

Using ( K2\i and we get 



(4.6) 



Ci Sn 



3tt 



{zeC: \z\>^, + M2 < 8.Tgz < — + Ml} C g(s{U{hi,m,e)) 

A 4 

, , 37r „ 37r „ - 

C G C: \z\ > -Ar, — r + Mi< aigz < — + M2} 

for all 1,771 & Z. Since < M2 — Mi < 7r/4, there exists G R such that 



{z G C: l^l > -4^ 



TV 97r 

- < argz <(f)+ —} C gp{U{hi^m,£))- 



(4.7) 
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We choose R2 such that 

where a = sm(7r/8) = \/2 - ^2/2. Thus, it follows from (14. 7p that 

{2; G C : |z| > R2, < arg2 < + vr} C gp{U{hi^^, e)) (4.9) 
for all the poles hi^m- Let ai = R2/R1 > jrz^fe^- ^0^5 define a constant 

Fix 

a > ao 

and consider a sequence or radii 

Rn := a"-ii?i, n>2. 

Let 

P(0, 2i?„) := {2 G C: i?„ < |2| < 2i?„}, n > 2 

and 

P+(0,i?„,2i?„) := {z G C: i?„ < 1^1 < 2i?„, < arg2 < + 7r}, n > 2. (4.11) 

The condition a > ao > 2 guarantees that the annuli P(0, Rn, 2Rn) are pairwise disjoint. 
Recall that in the previous section we defined the auxiliary functions hn{P) = g^{ci), G N. 

Definition 4.1. We define the following family of sets 
A(a) = {Ao = 5(l,r)}, 
Alia) = {Ai = h^\U{pA{ci),e)) C Ao}, 

A2{a) = {A2 C Ai I 3b^ G A: f/(&S,e) C P+(0, 2P2), = ^(t^C' ^))}' 
A(a) = {An C I 3b^^l G A: f/(&£,^r) C P+(0, P„, 2P„), = /^;'(f/(&S, £))}, 

where {U {bf2i, e)) denotes a component of the preimage under the map . Let 

00 

l^nia)= \J An, A{a) = f]Unia). 

A„&A„{a) n=l 



Proposition 4.2. For each n G N the set An{ci) defined above is non-empty. 
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Proof. In the previous section, we showed that the function /i2 has the pole at /3 = 1 = 
/i^^(Pa(ci)) e dAi. Thus, Ai{a) ^ 0. Since hx{A{) = t/(pA(ci), £:), it follows from fjO]) that 

/i2(Ai) = {gp{h{/3))\/3 G Ai} D P+(0,i?2,2i?2). 

Take a pole fefj^ E An P+(0, i?2, 2i?2) with f/(&f2„e) C P+(0, i?2, 2P2). Since /i2(Ai) D 
P"'"(0, -R2, 2-R2) there exists G Ai such that h2{pf'l^) = hfl^. Thus, the set ^2(0) is non- 
empty. Now, we fix > 3 and suppose that An-i{a) 7^ 0- We will show that An{o) 7^ 0- 
Since = U{ll[~^\e) for some foj*;^^^ G A n P+(0, P„_i, 2P„_i), it follows from 

(jM]) that 

hn{An-l) = {gpihn-im\(3 ^ ^n-l} ^ P+ (0, P„, 2P„) , 

as Rn = a"~^P2 and a > > 2 in view of fl4.10p . Choosing G A^-i such that hn{(3\^^) = 

h^^l G A n P+(0,P„,2P„) and f/(feS"i,£) C P+(0, P^, 2P„), we obtain that An{a) ^ 0. By 
induction, the lemma is true for all n G N. □ 



Theorem 4.3. Let gp he the family of maps defined above and let ag he a constant given in 
(14.10p . Then, for every a > oq there is a Cantor subset A{a) of £ such that 

4 61og2 



dimj^(y4(a)) > 



log a 



Corollary 4.4. For a — )■ +oo we have dimj/(A(a))) | and dim.H{£) > |. 

5. The proofs 

In this section we prove Theorem 14.31 We fix a > ao and consider the sets An{a), n > 1, 
defined in Definition 14. 1[ We drop the parameter a and keep notation from the last section. 



The first two lemmas are devoted to estimates of the derivatives h',n>2. 



Lemma 5.1. Let An G An, n > 2. Then, for every P E An 



^ n—l 



k=l 



^/3(Cl) + 



Proof. Let n = 2. Then, 

hiil3) = fi'/3(ci) = /3pa(ci), 
h2{P) = gjici) = /3pa(/3pa(ci)), 

KiP) = Pa(/3pa(ci)) + /3pa(/3pa(ci))pa(ci) 



-g'f^{l3pA{ci)) 



k=2 Uti a'pigiici)) 



ajjci) g',3if3pA{ci))gp{ci] 
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Suppose that the lemma is true for some n > 2. We show that it is true for n + 1. 



-. n— 1 



k=l 



9^) + ^ ^k-i \ 



k=l 



1 " 



9p{ci) + ^ \ 



k=2 

9l{ci) 



yy:z^9'mm)) 



k=2 



Uti9'M(^i)) 



(3 



k=l 



9p{ci) + 2^ , . . . .. + 



1 " 



k=l 



n+l 



9l{ci) 



k=2 



13 



□ 



We recall from the previous section (see (14. 21) . (14. 3p ) that there are universal constants Ci, C2 > 
such that 



\z — b, 



'Lm 



\z-bjrnr \z-Olrn 



< \qUz) \ < 



Co 



z - Oi 



for all l,m & every z G B{bi jn,e) and all /3 G B{l,r). To simplify the formulas in the 
following part of the paper we write 



\9,{z)\ 



\9',{z)\ 



Co 



^ \z-bi^rn\^ 

Note that if /3 G W„, n > 2 and 2; = (7^(01) with j G {1, 2, ... n — 1} we have g/3{z) = 5'^^^(ci) 
/ij+i(/3) G U{b'i^^^\e) C P+(0,i?j+i,2i?j+i) and moreover, using CT . 



(5.1) 



^i + l < |^;3(2)| 



\z-bj^\^ 



(5.2) 



for some 6; ^ G A fl -P^(0, 2i?j). The inequality (15. 2p implies that 



^1 ^1 |2 ^ Ci 



2i?7+i 



-i+l 



which is equivalent to 



14 PIOTR GAL^ZKA 

Then, 

or, equivalently, 

r3/2 93/2^ d3/2 



^3/2 - li'/^V ^1 - ^3/2 

for /3 G W„, n>2 and z = gj^ici) with j G {1, 2, . . . n — 1} 



< (5-3) 



Lemma 5.2. Let An G > 2. Then, for every P & An 



n-l 



C9 \ 3n(n-l) , , , , , 5 



2(1 + r) l^c*!'/' 
Proof. In Lemma [5. H we proved that 



^ n — 1 



/£=! 



/ 2^/^C2 

2(1 -r) c'f 



n-l 



3n(n-l) 3"-l 

a 4 R^^ 



k=2 



for all n > 2 and every (3 & An- First, we estimate the product 11^=1 o'pi.o'pi.^i)) ■ Observe that 
gp{gl{c^)) = gf\ci) = hk+M, k = 1,2, . . . ,n - 1. 

The functions h2, . . . hn are well-defined for /3 G An, because An C A^, k = 2, . . . ,n. Since 
hk+iil3) G P(0,i?fc+i,2i?fc+i), then using ([S3]), we get 



n-l 



k=l 



< 



2^/^C2Rf 23/2C2i?^/' 



r3/2 



_ f 2^1^02 
~ \ ^ 

Analogously, we get the estimate from below 



n-l 



n-l 



{aR,f' ■ . . . ■ 

3n(n-l) 3(n-l) 



i^-^R^f'^ 



n-l 



k=l 



> 



Co 



n-l 



,3/2 



3n(n-l) 3(n-l) 



Finally, 



n-l 



-3/2 



3n(n-l) 3(n-l) 

a^^R^ 2 < 



n-l 



k=l 



< 



n-l 



3n(n-l) 



(5.4) 
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9^(ci) 



Now, using (15. 4p . we estimate the sum X]fc=2 rr^-^ 



A ^(ci) 

2^ TTfc-l .J 



k=2 



fc=2 



fc=2 / C2 
^3/2 



fc-1 



3fc(fc- 



2c; 



3/2 n 



k-2 



1) 3(fc-l) 



fc=2 / C2 



< 



E 



fc=2 / C2 



C 



,3/2 



fc-1 



3fc(fe-l) 3(k-^) 



ct 



,3/2 



fc-1 



(fc-l)(3fc-4) 



R, 



C2 V ct-Ri 



E 

fc=2 



-3/2 



a i R^ 



Since a > qq > 2 and 3A;^ — 7A; + 3 > 6A; — 11 for A; = 2, 3, . . ., then 



/^3/2 



fc-2 



E 

fc=2 



a 4 * fc=2 



n /^3/2' 

^E 



fc-2 



{aRiY 



1 3C^'^^ 

Using the inequahty (G/c— ll)/4 > A;— 2 for k > 3/2 and the fact that a > oq > max{-^, t^^j? 
we get 



E' ' 



fc-2 



1 



fc=2 

Hence, 



(aRi) 



6fc-ll 
4 



< 



E 

fc=2 



CI 



3/2 \ 2 

SE 

fc=2 



Ct 



,3/2 



fc-2 



C2Q'Ri 



C2Q'Ri 



1 3 

< 



Ci^/^ ^ 2' 



C2aRi 



fc=2 



< 



2Cl 



■3/2 



3C; 



■3/2 



R^ 

C2^^i 2 Cs^^^ 2 



< 



(5.5) 



because a > aQ > -^jt^- Using (15. 5p . we get 



^ = R,-^< 
2 2 - 



fc=2 



nr=ij;,(jj(c,)) 



- 2 2 



(5.6) 



Plugging (15. 4p . (15. 6 P into the formula for h'^ from Lemma [5. H we obtain 



and 

Km > 



n-l 



-3/2 



3n(n-l) 5i?l 

a 4 2 



2 2(1-0 1^^1 



r^3/2 



n-l 



3ri(n — 1) 



a 4 



C2 



n-l 



1 + \ ^3 



(3/2 



3n(n-l) ^HlLlli R^ 

a 4 2 . -_ 



n-l 



2 2(1 + 1^1^ 



r3/2 



3n(n-l) 3"-l 



for a > qq. Both estimates prove the lemma. 



□ 
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In Proposition 14.2^ we showed that each set An, defined in Definition 14.1^ is non-empty 
and its elements, the sets An, contain on their boundary parameters such that hn{Pn) ^ 
A n P{0, Rn, 2Rn). In the next part of this section, we estimate the diameters of An and the 
ratios vo\{Un+i(^An)/vol{An). To do that we should know that the functions hn are conformal 
on An G An- Note that the maps hn, n> 2, are holomorphic outside a countable set of points 
and have poles at Pn-i ^ dAn-i- 

Lemma 5.3. For each An G An, n > 1, the map hn is conformal on An- 

Proof. The map hi is one-to-one and holomorphic on Ai. By induction, we show that the 
maps hn,n > 2 are conformal. Suppose that hn,n > 1 is conformal on An, we prove that 
hn+i is conformal on An+i C An- If n = 1 then we take a segment 

Uib^le)cPiO,Ri,2R,) 

with = Pa(ci) and if n > 2 we consider a segment 

U{b\%e)cP^{0,Rn,2Rn). 

We know that A„ = h-\U{b[';i,e)),n > 1. Let fef^^ = &n, (3n = K^bn) G M„ and b[;^''^ = 
bn+i- If U{bn+i,e) C P+(0,i?„+i,2i?„+i), then h-li{U{bn+i,e)) = An+i C An. We define a 
map hn+i{/3) = PnpK{hn{P)). It follows from (i^D and (131) that 

hn+i{An) 'D {z eC: \z\>'^, - ^ < arg^; < + ^} 

8 8 

and (shrinking r if necessary) there is a set An+i such that An+i C C An and 

K+Mn+i) = {2; G C: (1 - a)Rn+i < \z\ < (2 + - ^ < arg^ < + ^} (5.7) 

o o 

for some G M and a = a/2 — V2/2. We show that /in+i is one-to-one on An+i. Take 
f3',f3" G v4„+i such that hn+i{f3') = hn+i{/3"). By definition of the map hn+i, we have 
pA{hn{f3')) = pa(/i„(/3")), where hn{(5'),hn{(5") G /i„(in+i) C /in(^n) = U{bn,e). Since pA 
is one-to-one on hn{An+i), then hn{f3') = hn{f3") and this implies that = This follows 
from the injectivity of the map hn- It follows from (14. lip and (15. 7p that 

U{bn+l,e) = hn+Mn+l) C P+(0, , 2Rn+l) 

g{z eC: {1- a)Rn+i < \z\ < (2 + a)Rn+i, - J < argz < + ^} = /i„+i(i„+i). 

o o 

Moreover, for (3 G < r < 1/4 - l/(2a + 4) we have 

dist(^„+i(/3), /i„+i(y4„+i)) > a-Rn+i > 2r|pA(C)|, 
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where C = hn{P) G dhn{An+i). 

We define auxiliary maps = hn+i{f3) — w, = hn+i{/3) — w with w G 

hn+i{An+i)- Thus, for (3 G dAn+i we have 

\Hn+i{(3)\ = \hn+i{(3)-w\ > dist(/i„+i(/3),/i„+i(A„+i)) > 2r|pA(C)| 

and 

|/3-/3n|bA(C)l<2r|pA(C)|. 

Hence, > — if„4.i(/3)| on the set dAn+i. Since the map hn^i is holomorphic 

on inty4„, then the maps Hn+i, Hn+i are holomorphic on intA„+i and continuous on dAn+i- 
Thus, the assumptions of Rouche Theorem are satisfied. It implies that Hn+i and -ffn+i = 
Hn+i + Hn+i — Hn+i have the same number of zeros on v4„+i, or, equivalently, the equations 
hn+i{f3) = w and hn+i{P) = w have the same number of roots in Since the map /in+i 

is one-to-one on An+i, then the former equation has a unique root for a given w. Thus, the 
latter as well. This proves that hn+i is one-to-one on An+i- The map hn+i is holomorphic on 
intAn, then is conformal on An+i- □ 



Lemma 5.4. Let An G An, n > 2. Then 



L{hn,An)<—^ --2 2 . 

1 — r 



Proof. Using the definition of distortion and Lemma 15.21 for a > ao we get 

n-l 



L{hn,Ar^ 



< 



3n{n—l) 



a i Ri 



2{l+r) \cf/^ 



n-l 

C2 ^ 3n(n-l) 



5(1 -I- r) „ 3(n-l) 
^ -22 . 

1 — r 



a 4, 



□ 



Lemma 5.5. For each An G An, n > 2, 

Ae{l + r 



diam(A„) < — _^ 

r, \ 3n(n-l) 3n-l 



where e is as in (14. 5p . 
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Proof. From Definition 14.11 we know that each set of the form /i„(A„) is a segment of radius 
e, so diam{hn{An)) < 2e. Using Lemma [5.2^ for a > we get 

diam(A„) < — — -— < — = —31 — • 

2{l+r) 1 c-'^/z I " -n-l I ^3/2 I O 4 /t^ 



□ 



Remark 5.6. Observe that diam(y4„) — )■ as n — t- oo, since a > > 2. This proves that the 
set A from Definition \4.1\ is a Cantor set of parameters. 



By Lemma 15. 5^ the numbers c?„ defined in Proposition I2.1UI are equal to 

Ae(l + r) 

dn = ril^i : , n>2 (5. 



C2 



3n(n — 1) 



and dx = diam(74i) < 2r < 1 by fl4.ip . We have 

Ae{l + r) Ae{l + r)C^^^ 



do. 



A straightforward calculation shows that the condition < 1 is equivalent to 



a > 



Ae{l + r)Ct 



3/2 N 



C2R'i 



5/2 



Using ( 15. Sp . we get 



C2 



3Ti(n + l) 3n+2 

a 3 ^ ^3/2 



dn C^a^^/mT 



a 3 



and 



I ^3/2 /^3/2 

- ^ < 1 > ^ a > ^ 



C2a3i?f2 C2i?f ^v^' 



Since a > > max <( 1, (^^^^T^^ys^j > '^/UWTh ^ dn+i/dn < d^/d2 for > 3, we get 
dn < 1, n = 2, 3, . . . as required in Proposition 12. 101 
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Next, we estimate from below the density of the sets Un+i fl An in the set An G An for all 
n>l. 

Lemma 5.7. There exists M > such that 

vol(W„+i nAn) ^ M 



for each An G An, n > 2. Moreover, 

vol(W2 nAi) M' 
vol(Ai) - B^' 

for some M' > 0. 

Proof. First, we estimate the number Nn of parallelograms of the lattice A in the half-annulus 
P+(0, Rn, 2Rn) for n > 2. We have 

2a2(A) 2a2(A)' ^^'"^^ 

where a^(A) is a measure of the parallelogram of A. Recall that in Definition 14. II we considered 
the segments 

U{hi^m,e) = {zeC: - — < Arg(z - < — , \z - < e}, 

6 o 

where G A and £ > as in (14. Sp . Hence, vo\{U{bi^m,£)) = Sne^/S. 

Fix n > 2 and An G An- There exist l,m E 1^ such that An = hn^{U{b[\l,e)), where 
f/(6SJ,£) C P+{0,Rn,2Rn). Moreover, for each At G A+i there are /' = l'{k),m' = m'{k) G 
Z such that Ak = h;^l,{U{b\7^}\6)), where U{b\?X'\^) C P+(0, /?„+i, 2/2„+i). To simplify 
the formulas we denote bfl^ by 6„. There are finitely many sets Ak G An+i contained in An- 
We denote by bk the pole corresponding to Ak- Let /3„ := h~^{bn) G An, /3k ■= G A^. 

Lemma [5.31 implies that are conformal on An- Using f l2.4p . we get 

L{hn,An) = L{h-\hn{An)). 

Hence, 

V0l(A„)= Y0\{hn\U{bn,e)))= [[ d(3 

J J h:^\Uib„,e)) 

(5.10) 



ih-^nz)\^dz< // sup \ih-'nz)\ I 

[/(&„,£)■ J Ju{b^,e) \zGU{bn,e) 

vo\{U{bn,e))(L{h-\U{bn,e)) inf [(/^^^l^)!^ 

< ^ (L(/.„, A„)|(/.„-^)'(MI)' - 



l^'n(/3n)| 



20 



PIOTR GAL^ZKA 



Set Pn+l := P+iO,Rn+l,2Rn+l). 



vo 



AkCAn bk£Pn+l 



E 



Uibk,e) 



\{h-i,nz)\' dz > 5^ 



inf \{h-l,yiz)\ ) d;^ 



Lih~i„Uih,e)) 



bkePn + l 



J2 {Likn+uA,)K^,ip,)\y 



Now, using ( IS.lOp and ( IS.lip . we estimate the density of the sets Un+i H An in An- 

V0l(W„+i n An) ^ EfeeA.cA. {L{hn+i, Ak)K^,i^k)\)~^ 



vol(A„) 



L{h„,A-n) 



{L{hn,An)y 



J2 {Lihn+l, A,)\h'n_,,{(3,)\y 



Lemma [5?T] and inequahties ( 15. 6p give 



and 



Ri 



2(1 + r) 



n-l 



\h'n+im\ < 



5Ri 



2(1 -r) 



114(4(^1)) 



It follows from Lemma 15.41 that 

{L{hn,An)y< 

and 



1 + r 
1 — r 



g223(n-l) 



(L(/i„+i,A,))^< ( - 



1 + r 
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Plugging ( 15331) - ( 1536|) into (Km . we have 
vol(W„+i n An) 
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vol (A 



> 



> 



Ri 



2(l+r) 



(l±r)2 5223(n-l) 



1 — r 



1 + r / 5623{2n-l) 



1 — r~ 



n^k(<(ci)) 



^ 1 — ^ 



(5.17) 



E 



1 + ,; 5«23(--i)^^^z^^^^n;rn^,^(^.^(,^))|2 kk(^.".(^i))r 



For each j = 1, 2, . . . , — 1 



and 



since /3„ G A„ C A+i and G C A„ C A'+i- Thus, by ( 15.31) . for j = 1, 2, ... n — 1 
have 



we 



This implies that 



CI' 



l^^"^^^"^^^^^l>^., = l,2,...n-l. 



Analogously, 

^?&(^7a(ci)) = ^7^+'(ci) = K+im e P+(0,i?„+i,2i?„+i) 
as G Afc G ^n+i- By applying this to (15.31) . we get 

93/2^ p3/2 



(5.18) 



(5.19) 
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Putting (EHHD, ( Km into (ISTTj) and by (ES]), we obtain 



6 



l-ry 23 23 Cf 



M 



29«K+i' 

where M = 

Similarly, we consider the case n = 1. By Definition 14. ![ the set Ai has only one element, 
i.e. Ai and its Lebesgue measure vol(Ai) < vrr^. The set Ai contains finitely many subsets 
Ak G A2- As for n > 2, we denote by bk the pole corresponding to A^. Arguing as in flS.lip . 
we get 

vomnA,) >^ m,, A,)\h',im~' ■ 

Setting n = 1 in bounds fl5.14p . fl5.16p we have 

5/?i /I -I- r \ ^ 

\hm)\ < ^^^^\9ki9p.ici))\ and {L{h, A,))' < (^-^j 5^2^ 

which implies that 



Analogously as in (I5.19p . we obtain 

\9ki9pAci))\ < ^ ^3/?' 

and we conclude that 

vol(W2 n Ai) 37r£2 



> 



vol(Ai) ~ Svrr 



2 



35^(1 - r)^C? E,,eA,cA, 1 _ ^,iV2 ^ ^ 



2754r2(l +r)2C|i?2 ^3 ^3 ^2 

where M' = ^^X^i'Sciiii - ° 
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By Lemma I5.7[ the numbers A„ from Proposition 12.101 are equal to 

M 



n>2. 



Assembling the preceding lemmas, we may now prove Theorem 14.31 
Proof of Theorem \4.3\ Lemma 15.71 implies that for a > Oq we obtain 



^|logA,-| = I log All + I log A, 



j=2 
n 



M' 



i=2 



log 



M 



j+i 



- log(ai?i) - log M' + J2 log(2^^a^/?i) - (n - 1) log M 



i=2 



: log M - log M' + n log i?i - n log M + 9 log 2 ^ j + log a^j 

, M , Ri 9(n + 2)(n-l), n(n + l), 

^ log ^ + nlog — + ^ ^ log 2 + ^ log a. 



M 



In view of Lemma 15. 5[ for a > ao we have 



log dn\ 



log 



4£(1 + r) 



C2 



3/2 



n-l 



3n(n-l) £1 



C2 3n{n — 1) , 3n — 1 
= (ra - 1) log — ^ H log a H — log Ri - log 4£:(1 + r J 

The final estimate follows from ( I5.20p and ( I5.2ip . For a > aQ we have 



dirriH {A{a)) > 2 — limsup ■ 



1 M , 1 i?i I 9(n+2)(?i-l) 1 o , n(n+l) i 

log^ + nlogf^ + ^ — f ilog2 + ^^log( 



(5 



(5 



n-!>oo (n 



- 1) log ^ + 2^ log a + log R, - log 4e(l 



^ |loga + |log2 _^ 2 61og2 _4 61og2 
I log a 3 log a 3 log a 



Thus, the theorem stated in section 1 follows from Theorem 14.31 



Question. Is the Hausdorff dimension of the escaping set £ equal to 4/3 ? 
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